Planning Guide: Probability

Learning Activities

The following learning activities are examples of activities that could be used to develop student understanding of the concepts identified in Step 1.

Sample Activities for Teaching Theoretical and Experimental Probability of Two Independent Events

1. Independent Events with Equally Likely Outcomes

Build on students' understanding of equally likely outcomes, using a single-stage experiment such as rolling a single standard die. Review that each of the outcomes (1, 2, 3, 4, 5, 6) has the same theoretical probability (ratio of the number of favorable outcomes to the total possible outcomes)—1/6. Therefore each outcome is equally likely.  

Review that an event is a subset of the sample space (set of outcomes) and the events may or may not be equally likely. Have students provide examples of events for rolling a standard die once; e.g., rolling an even number, odd number, prime number or a number that is a multiple of three. Through discussion, guide students to verbalize that the probabilities of these different events are different and are therefore not equally likely.

Explain that instead of using a single-stage experiment such as rolling one die, students will use two-stage experiments such as rolling two dice. Ask students whether the outcome on the first die affects the outcome on the second die. Have them provide other examples in which the outcome in the first stage of the experiment does not affect the outcome in the second stage of the experiment; e.g., tossing two coins and spinning a spinner twice. Explain that these are examples of independent events.  

Have students provide examples of events that are not independent, such as drawing two cards from a deck of cards or drawing two marbles from a bag of marbles without replacement. Explain that the focus of the two-stage experiments will be on independent events and each of the outcomes in the experiment will be equally likely.

Present students with the following problem:

You conduct an experiment of tossing two fair coins.

About how many times in an experiment with 64 trials would you expect to get two heads? Explain your thinking. 

Have students predict the answer to the problem by using theoretical probability with a sample space developed by using a table or a tree diagram as shown below.

                        Table                                                            Tree Diagram



  
Theoretical probability:  P(TT)       number of ways the event (TT) occurs


                                             total number of outcomes
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64/4 = 16     Therefore, you would expect to get two heads about 16 times in 64 trials.

Have students work in pairs to carry out the experiment with each group doing 10 or 20 trials. Collate the results to obtain 64 trials and then add more trials as needed to show that experimental probability approaches theoretical probability as the number of trials increases.

Suggest that students tally the results of their experiment in a chart as shown below.

	Outcomes
	Tallies
	Number

	HH
	
	

	HT
	
	

	TH
	
	

	TT
	
	

	                                      Total
	


Then have them calculate the experimental probability of getting two heads when two coins are tossed.

       number of observed occurrences of two heads





total number of trials

Have students compare the experimental probability to the theoretical probability, using ratios, fractions, decimals and/or percents.

Extend the problem as follows:

You conduct an experiment of tossing three fair coins.

About how many times in an experiment with 64 trials would you expect to get two heads? Explain your thinking. 

Have students use a similar procedure as was used in the previous problem, predicting the answer first by using theoretical probability and then conducting the experiment with a collated total of at least 64 trials. Encourage students to compare, always, the theoretical and the experimental probabilities. 

Provide other manipulatives for students to use in conducting experiments with two independent events, such as rolling two standard dice, spinning a spinner twice in which each of the parts of the spinner are congruent, tossing one coin and one standard die, and spinning a spinner with two congruent parts and tossing one coin.  

2. Independent Events with Unequally Likely Outcomes


Build on students' understanding of one-stage experiments in which the outcomes were unequally likely, such as rolling a six-sided die that has on each face one of the following numbers: 1, 2, 2, 3, 3, 3. Compare the probability of rolling a 2 with the probability of rolling a 3. Have students suggest other experiments in which the outcomes would be unequally likely, such as spinning a spinner with parts that are not congruent.   

Present students with the following problem:

You conduct an experiment of spinning the spinner at the right twice and finding the sum of the numbers from the two spins. Predict which sum will appear most often. Explain your thinking. 

Have students explain their predictions based on previous knowledge but do not provide guidance in using theoretical probability until after the experiment is carried out. The results of the experiment will be a surprise to most students.

Have students work in pairs to carry out the experiment with each group doing 10 or 20 trials. Collate the results to obtain at least 100 trials.

Suggest that students tally the results of their experiment in a chart as shown below.

	Events: Sums
	Tallies
	Number

	2
	
	

	3
	
	

	4
	
	

	5
	
	

	6
	
	

	                                      Total
	


Have students compare the experimental results to their prediction and explain why there may be differences.

Have students calculate the experimental probability of each event.

     number of observed occurrences of the event





                total number of trials

After sharing ideas about why the experimental results show that 4 is the sum that appears most often, you may wish to share the following strategy if it was not already suggested by students.

Since the outcomes of obtaining a 1, 2 or 3 on the spinner are unequally likely with the likelihood of 3 occurring twice as often as either 1 or 2, then the outcomes can be presented in a chart as follows:

	     2nd Spin

1st Spin
	1
	2
	3
	3

	1
	2
	3
	4
	4

	2
	3
	4
	5
	5

	3
	4
	5
	6
	6

	3
	4
	5
	6
	6


This area model shows that outcomes containing 3 as one of the addends has twice as much as the area for outcomes containing 1 as an addend and also twice as much as the area for the outcomes containing 2 as an addend.  


 number of ways the event (sum of 4) occurs


                                                                         total number of outcomes
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Have students calculate the theoretical and experimental probabilities of all the possible sums 

and compare the results.

Have students predict the results and then carry out other two-stage experiments with independent events in which the outcomes for each stage of the experiment are unequally likely. Examples might include tossing two six-sided dice that have on each face one of the following numbers: 1, 2, 2, 3, 3, 3. Have students predict which sum will appear most often when the two dice are tossed and the numbers are added. Then have students conduct the experiment and compare the experimental results to their predictions that should be based on some logical reasoning using theoretical probability. 

3. Using Technology to Provide Trials for Probability 
Experiments with Two Independent Events   


The Maths Online Web site— http://www.mathsonline.co.uk/nonmembers/resource/prob/spinners.html—quickly tabulates the experimental results for two independent events, such as tossing coins or spinning spinners. The student enters the number of coins or the type of spinners and also the number of trials. The computer does the experiment and graphs the results. For example, tossing three coins provides a bar graph drawn to represent the experimental results including no heads, one head, two heads and three heads.

4. Critiquing the Fairness of Games


Provide students with various games for two players in which two dice are rolled and rules are given that relate the two numbers rolled. Have students predict whether the games are fair. Encourage students to use theoretical probability in justifying their predictions. Have students play the games with at least 30 trials to compare the theoretical probability with the experimental probability.
Examples:

For each of the following games, have students answer these questions:

· Did the same player win each time?

· Do both players have the same chance of winning?  Explain.

Game A: Fractions Between Zero and One

Roll two standard dice and make a fraction less than or equal to 1 with the numbers showing on the dice. Player A scores one point if the fraction is in simplest form, otherwise Player B scores one point.

Game B: Fractions

Roll two standard dice, one red indicating the numerator and one blue indicating the denominator. Player A scores one point if the fraction is greater than 1. Player B scores one point if the fraction is less than 1. Both players score one point if the fraction is equal to 1.

  Adapted from W. George Cathcart, Yvonne M. Pothier and James H. Vance, Learning Mathematics in Elementary and Middle Schools (2nd ed.) (Scarborough, ON: Prentice-Hall Canada, 1997), p. 259. Adapted with permission from Pearson Education Canada.
Have students share their strategies for determining the fairness of each game. An example of a strategy would be to describe the sample space for the probability experiment in a chart as shown below.

	Blue

Red
	1
	2
	3
	4
	5
	6

	1
	(1, 1)
	(1, 2)
	(1, 3)
	(1, 4)
	(1, 5)
	(1, 6)

	2
	*(2, 1)
	(2, 2)
	(2, 3)
	(2, 4)
	(2, 5)
	(2, 6)

	3
	*(3, 1)
	*(3, 2)
	(3, 3)
	(3, 4)
	(3, 5)
	(3, 6)

	4
	*(4, 1)
	*(4, 2)
	*(4, 3)
	(4, 4)
	(4, 5)
	(4, 6)

	5
	*(5, 1)
	*(5, 2)
	*(5, 3)
	*(5, 4)
	(5, 5)
	(5, 6)

	6
	*(6, 1)
	*(6, 2)
	*(6, 3)
	*(6, 4)
	*(6, 5)
	(6, 6)



Game A: The ordered pairs in bold show the outcomes for which Player A would win. Therefore, the probability of Player A winning is 23/36. Since 23/36 is greater than 1/2, then Player A will win more often and the game is not fair.

Game B: The starred ordered pairs show the outcomes for which Player A would win. Player A would also score for the 6 outcomes in the diagonal that produce a fraction equal to 1. Therefore, the probability of Player A winning is (15 + 6)/36 or 21/36. The probability of Player B winning is also (15 + 6)/36. Since the probability of winning is the same for each player, the game is fair. 

Encourage students to create other games and explain the fairness of each game.

5. Frayer Model for Independent Events

Provide students with a template for the Frayer Model and have them fill in the sections, individually or as a group, to consolidate their understanding of independent events. Other Frayer Models could be drawn for theoretical probability or experimental probability. A sample of a Frayer Model is provided below.

Frayer Model for Independent Events

	Definition
Two events are independent if the fact that one event occurs does not affect the probability of the second event occurring.

Characteristics

· in experiments with two independent events, the experimental probability approaches the theoretical probability for a given event as the number of trials are increased

· the outcomes of each independent event may be equally likely or unequally likely

· the sample space (set of all possible outcomes) can be created by using a table or a tree diagram

· the sample space consists of ordered pairs of outcomes—the first member represents the first event and the second member represents the second event


	Real-life Problem and Visual Representation

Find the probability of obtaining a sum of 7 when two fair standard dice are tossed.

              2nd die
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     number of ways the event 
          (sum of 7) occurs
 
                         total number of outcomes

               =  
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The probability of obtaining a sum of 7 is 1/6.



	Examples

· tossing two or more coins

· tossing two or more dice

· tossing one coin and one die

· spinning two or more spinners

· spinning a three-section spinner and a four-sided die

· tossing a coin and spinning a four-section spinner
	                           Nonexamples

· drawing two cards from a deck of cards without replacement
· drawing two marbles from a bag of marbles without replacement 
· choosing two friends to go skating
· picking two pencils from a box of pencils without replacement



Format adapted from D. A. Frayer, W. C. Frederick and H. J. Klausmeier, A Schema for Testing the Level of Concept Mastery (Working Paper No. 16/Technical Report No. 16) (Madison, WI: Research and Development Center for Cognitive Learning, University of Wisconsin, 1969). Adapted with permission from the Wisconsin Center for Education Research, University of Wisconsin-Madison.



Look For …


Do students:


use appropriate terminology for single-stage probability experiments?


describe the similarities and differences between a single-stage and a two-stage probability experiment?


explain the characteristics of independent events?


create the sample space for probability experiments with two independent events in  more than one way; e.g., tree diagrams, tables?


compare theoretical and experimental probability for two independent events?


demonstrate flexibility in using a variety of manipulatives to solve problems involving probability?


 





Probability  =





1st


die





Independent Events





Look For …


Do students:


write the definition and characteristics of independent events in their own words?


create a real world problem, using two independent events?


provide examples and nonexamples of independent events? 





Look For …


Do students:


share strategies for determining whether or not a probability game is fair?


apply their knowledge of creating sample spaces using tree diagrams and tables in determining the theoretical probability of winning a game? 


create other probability games and critique them for fairness?





Look For …


Do students:


use the large number of trials generated by the computer to verify that the experimental probability approaches the theoretical probability as the number of trials increases?


explore various probability experiments by predicting the results and comparing their predictions to the experimental results generated by the computer? 





 Theoretical probability: P(sum of 4)  =





Experimental probability   =





1      2





3





Look For …


Do students:


explain the similarities and differences between equally likely and unequally likely outcomes in probability experiments?


apply their knowledge of equally likely outcomes for two independent events to unequally likely outcomes?








Experimental probability   =





=





2nd


1st      coin


coin�



H�



T


�
�
H�
HH


�
HT�
�
T


�
TH�
TT�
�









1st  coin


                  H                                       T





2nd coin    H              T          H               T





Outcomes: HH,        HT,     TH,         TT
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