Planning Guide: Improper Fractions and Mixed Numbers

Big Ideas
Since improper fractions and mixed numbers are included in the set of fractions, it is important that connections are made to prior knowledge about the meaning of fractions and comparing fractions. Students develop and demonstrate understanding of fractions by connecting the concrete, pictorial and symbolic representations. By observing students, asking questions and listening to their explanations, the teacher probes for deeper understanding. Professional Standards for School Mathematics states that it is beneficial for students to create their own models and allow for some confusion in order to reveal "what students do and don't understand" (NCTM 1991, p. 163).

Meaning of Fractions

In developing understanding of fractions, students should represent them with physical materials to show "part of a unit whole or of a collection. Teachers should help students understand fractions as division of numbers" (NCTM 2000, p. 33). The unit whole is often referred to as the whole region. The collection is referred to as the whole set.

Van de Walle and Lovin (2006) suggest that previous knowledge about fractions be transferred first to improper fractions and then to mixed numbers. Improper fractions, like proper fractions, include a numerator or top number that counts and a denominator or bottom number that tells what is being counted (pp. 68–69).

The authors go on to provide the following definitions of a numerator and a denominator of a fraction:
The denominator of a fraction indicates by what number the whole has been divided in order to produce the type of part under consideration. Thus, the denominator is a divisor. In practical terms, the denominator names the kind of fractional part that is under consideration. The numerator of a fraction counts or tells how many of the fraction parts (or the type indicated by the denominator) are under consideration. Therefore, the numerator is a multiplier—it indicates a multiple of the given fractional part (p. 66).

For example, 
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 is twice what you get when you divide the whole region or whole set into three equal parts, with each equal part making up  of the whole.  

"In every question, the unit fraction plays a significant role. If you have 
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 and want to find the whole, you first need to find 
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"  (Van de Walle and Lovin 2006, p. 75).

Fractions as Part of a Region

An example of fractions as part of a unit whole or a whole region is representing 
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 cakes, where the whole region is one cake. The unit fraction is 
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 of a cake. A visual representation could be:
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1 whole cake
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(counting by halves)

1 cake  + 
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of a cake  = 1
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Fractions as Part of a Set

An example of fractions as part of a whole set or collection is representing 
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of a set of shapes, where the whole set is two shapes. The unit fraction is 
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of the set of shapes.
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    1 whole set             
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 of the whole set
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     (counting by halves)

1 whole set + 
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 of a set = 1
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Fractions as the Division of Two Numbers

An example of fractions as the division of two numbers is sharing five cookies equally among four people. A visual representation could be:   
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Comparing Fractions
Small (2009, pp. 48–49) suggests these ideas regarding comparing fractions.
· Fractions can be compared only if the whole is known in each case.

· If two fractions have the same denominator, the one with the greater numerator is greater.

· If two fractions have the same numerator, the one with the greater denominator is less.

· Some fractions can be compared by relating them to benchmark numbers such as 0, 1 and 
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.  If one fraction is greater than 
[image: image21.wmf]1

2

 and the other is less than 
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, it is easy to compare them.

· Fractions can be compared by renaming them with common denominators or by renaming them with common numerators.

· No matter what two different fractions are selected, there is a fraction between them.
The following definitions are available at http://learnalberta.ca/content/memg/index.html.

Fractions

Fractions form a number system that includes whole numbers and also an infinite set of numbers between every whole number. They are numbers that can be written in the form 
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, where a, the numerator, and b, the denominator, are whole numbers and b 
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 0. In working with fractions, the whole region or the whole set must be stated. Then the fraction represents part of the given whole. The denominator is the divisor and tells how many equal parts are in the whole. The numerator is the multiplier and tells how many of those equal parts the fraction stands for. 

Denominator

The denominator is "the number of equal parts into which the whole is divided."

It is also the divisor and tells what is being counted; e.g., 4 is the denominator in 
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(Van de Walle and Lovin 2006, p. 68).

Numerator

The numerator is "the number of equal parts in a set to be considered [or] of a whole to be considered."

It is also the multiplier and indicates a multiple of the given fractional part; e.g., 3 is the numerator in 
[image: image26.wmf]3

4

  (Van de Walle and Lovin 2006, pp. 66, 68).

Proper Fraction

"A proper fraction is a fraction in which the numerator is less than the denominator"; e.g., 
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.

A proper fraction is less than 1.

Improper Fraction

"An improper fraction is a fraction in which the numerator is greater than or equal to the denominator"; e.g., 
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.
When the numerator is greater than the denominator, the fraction is greater than 1.

When the numerator is a multiple of the denominator, the fraction is equal to a whole number; e.g., 
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 = 3.

Mixed Number

"A mixed number is a number written as a whole number (not including zero) and a fraction"; e.g., 
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A mixed number is greater than 1.




































When you divide five cookies equally among four people (5�EMBED Equation.DSMT4���4), each person receives �EMBED Equation.DSMT4��� or 1�EMBED Equation.DSMT4���cookies (Small 2009, p. 43).





�EMBED Equation.DSMT4��� of a set is equivalent to 1�EMBED Equation.DSMT4��� sets.


Note: 	The two sets each represent the same size sets, each with two items—one is entirely shaded while the other one has only �EMBED Equation.DSMT4��� shaded.





�



�
�
�EMBED Equation.DSMT4��� of a whole cake





�EMBED Equation.DSMT4��� of a cake is equivalent to 1�EMBED Equation.DSMT4��� cakes.


Note:  	The two rectangular cakes each represent the same size cake—one is entirely shaded while the other one has only �EMBED Equation.DSMT4��� shaded.
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